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Hydromagnetic Stokes flow past a rotating sphere
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In the present investigation we consider hydromagnetic Stokes flow past a rotating
sphere. The magnetic field is produced by a magnetic pole placed at the centre of the
sphere. The problem is analysed by a combination of perturbation and numerical
methods. It is seen that the flow reversal (due to rotation) at the rear portion of the
sphere is enhanced as the strength of the magnetic field increases. In addition, we
obtain the simultaneous effects of rotation and a magnetic field on the streamlines.

1. Introduction

The study of slow motion of a viscous incompressible fluid past a sphere has been a
topic of interest for many years. Under the assumption that the Reynolds number
R < 1, Stokes (1845) obtained an exact solution for the flow past a sphere due to a
uniform stream at infinity. On the other hand Rubinow & Keller (1961) discussed the
flow due to a spinning sphere which is moving through a quiescent incompressible
viscous fluid, while Childress (1964) investigated the flow generated by motion of a
sphere through a rotating fluid. Subsequently, Ranger (1971) examined slow flow
past a rotating sphere with a uniform stream at infinity. On the basis of a linear
superposition of the primary Stokes flow past a non-rotating sphere and a secondary
flow induced by the spinning sphere, he showed that there is a region of reversed flow
attached to the rear portion of the sphere. In a recent paper, Singh (1975) examined
the flow past a sphere in the case when the sphere and the fluid at infinity are both
rotating. ‘

Though generalization of this class of problems to hydromagnetics attracted the
attention of researchers some time ago, the literature indicates that only a few
problems have been discussed so far. Most investigations in this area are concerned
with inviscid hydromagnetic flow over a sphere. Nevertheless, Barthel & Lykoudis
(1960) have examined the low Reynolds number flow past a sphere in the presence
of a magnetic field produced by a dipole situated at the centre of the sphere. Con-
fining their analysis to the case of small Hartmann number M [ = H,a(u,/pvy)t], they
obtained a solution which represents small perturbations to classical Stokes flow.
Later Riley (1961) devoted his attention to the hydromagnetic Stokes flow past a
sphere when the magnetic field arises owing to a magnetic pole placed at the centre
of the sphere. Assuming that not only the Reynolds number R but also the magnetic
Reynolds number R,, was small, he obtained a series solution by the method of
Frobenius. In view of the complexity of the analysis, he derived asymptotic solutions
for large and small values of M and obtained a numerical solution for intermediate
values of M. His solution reveals that the drag on the sphere increases with the Hart-
mann number and that the streamlines of the flow are significantly affected as the
component of velocity normal to the magnetic lines of force is destroyed.
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In the present paper we study the effect of a radial magnetic field on the flow past
a slowly rotating sphere. Our aim is not only to obtain the simultaneous effects of
rotation and a magnetic field, but also to find out what will happen to the flow reversal
at the rear portion of the sphere, a result seen in the hydrodynamic case and discussed
by Ranger (1971).

2. Formulation of the problem

Consider hydromagnetic flow of an electrically conducting, incompressible, viscous
fluid past a non-conducting rotating sphere of radius a. Let U, be the velocity of the
free stream at infinity and w, be the angular velocity of the sphere about a di-
ameter parallel to U,. Taking the centre of the sphere as the origin, let us introduce a
spherical polar co-ordinate system (7, 6, ¢) in which 6 is measured from the forward
stagnation point. The velocity and the magnetic field components describing the flow
are (¢, 5> 9) and (H,, H,, Hy), where all these physical variables are functions of 7
and 6 only. The equations governing the flow are obtained in non-dimensional form
as

a%{R(u.V)u,— ?—%?}——{Rr(u V)uo—%u¢cot0+Ru ua:
%; [a A {£§H¢ = (rH,) +H, ( (rH,) —?E):
+3%{H( (rHp)— aH) Rzﬁleﬂq,aa(sineﬂq,)}], (2.1)

R[(u.V)u¢+w+wcot0]
r r

_ vz, __ Y% 1 M2 ( ) 9.9
= Vi r2sin20+rsm0RM H030(81n0H¢)+H (rsm0H¢) (2.2)

R o .. 2H 2 cot @ 2 0H,
o 3 im0, o= g )} = (V2 —,Z—Ho—,—qe—"), (2.3)

Eu [ {r(uy H, —u, Hy)} — (uaH¢ “%Ha)] == (V2H¢” ‘*HL) (2.4)

r2gin264)’
2 (r2sin Ou, )+i(rsin0u )=0 (2.5)
or ™20 9 ’
2 0
(7‘ sin6H,) + T (rsinGH,) = 0, (2.6)
dr 0] qu
where Uy = 2L, Uy=F, Uy= ——, U= (U, Uy, Uy),
) g Uy " a 1 e
7 H, H, _ i, G,
r= E; IIT = —09 H0 = _0’ H¢ Ho awl
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in which 4, ‘is the strength of the magnetic field on the surface of the sphere. In the
above equations R (= al],/v) is the Reynolds number, 7, (= a?w, /v) is the rotation
parameter, R, (= alj/y) is the magnetic Reynolds number and M? (= u, Hia?/pvy)
is the square of the Hartmann number. Equation (2.1) is obtained by eliminating the
pressure between the first and second components of the momentum equation. The
induction equation governing H, is not included as this equation depends upon (2.3)
and (2.6). Once H, is known, Hy can be calculated from (2.6).
The boundary conditions at infinity are
u, = —cost, wug=sinl, wuy=0, H =H,=H;=0. (2.7
On the sphere, we have
U, =u =0, uy;=1 (2.8)
and the magnetic field H = (H,, H,, Hy) is continuous with the field inside the sphere.
The continuity of the magnetic field is valid if it is assumed that the magnetic per-
meability takes the same value everywhere.
The equations governing the magnetic field inside the sphere, in which no currents

flow, are P 2
75 (sin6H,) = 0, 5(7'H¢) =0,

00
- (2.9)
7 oH,
o Ho)—2g =0,
d 9 in 6H, +—§(r in6Hy) = 0 (2.10)
an 8r(r si ) e sin 0H,) = 0. .

Equations (2.1)-(2.6) and the boundary conditions (2.7)-(2.10) indicate that the
problem depends upon four independent parameters, namely R, R,,, M? and T%/R.
In view of the complexity of the analysis, we consider the solution in the case in which
R, Ry —0 while T3/ R and M? are O(1). Since Ry, is assumed to be small, we take the
solutions to be of the form

(ur’ Ug, u¢) = (u‘,’, ug, ug) +RM(u1]:: u},, u¢15) ARy }
(H,, Hy, Hy) = (HY, HY, H}) + Ry (H}, H}, HY) + ...

Now let us find the distribution of the magnetic field inside the sphere. On sub-
stituting (2.11) into (2.9) and (2.10), we get the following zeroth- and first-order
approximations:

(2.11)

2, . 0
— (sin0Hg) = 0, 5'(ng) =0,

o0
2 2H?
o (7HE) — =7 = 0, (2.12)
%(rzsin0H2)+a—%(rsin0H3) =0
9 1 9 1
and 3—0 (sm 0H¢) = O, 5; (7H¢) = O, (2'13)
2 oHL
5 (rHy) — =3 = 0, (2.14)

—éa;(rzsin 0H})+5% (rsin OHY) = 0. (2.15)
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As there is a magnetic pole at the centre of the sphere, equations (2.12) yield a solution

of the form (H?, HY, HS) = (~2,0,0).

Now from (2.13) we get H} = C/rsiné, (2.16)

where C is an arbitrary constant. On introducing a potential function ® such that
H!=—-0®/or, Hj=—r100/00,

(2.15) can be rewritten as

Ga (ﬂ@) b (sinﬁ%%) = o.

On solving for @, we have

© bn
D = n§0 (an r*+ 17:1) P,(cos0). (2.17)
In view of the singularity at r = 0, from (2.16) and (2.17) we find that the magnetic
field components are ®

H! = ¥ na,r" 1P, (cos§),

n=1

(2.18)
H}=—- Y a,rP,(cosf)sinf
n=0

and Hi=0.

Now, on introducing (2.11) into equations (2.1)~(2.6) and boundary conditions (2.7)
and (2.8), we get systems of equations and boundary conditions corresponding to
different approximations.

In the zeroth approximation, the equations governing the magnetic induction are
2H? 2 0HY}

= e

V2HY — HY/r?sin?6 = 0,

2coté
-

V2H? — HY =0,

0 0
9 (r2si 2 (rsi 0y —
6r(r smHH‘;)+60 (rsinGHY) = 0.

The corresponding boundary conditions are
H}=1, H}=H}=0 at r=1
and Hl=Hyg=H}=0 at r=o0.
On solving the above boundary-value problem, we get
(H}, H}, H3) = (r%,0,0).

This solution indicates that the magnetic field inside the flow is the same as that within
the sphere. This is due to the fact that in the zeroth approximation there is no inter-
action between the flow and the magnetic field. We also note that the zeroth approxi-
mations of the momentum equations are identically satisfied.
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For the first approximation, the equations of motion can be written as

0 ud® T2ul®) @ T2

— 0 o_po_ 1%l ¢ 0 1,02 0

% {R(u WMyud—-R " " } m{Rr(u V) ud P U cot 6 + Rul ug}
2u] 2cotd , 2 3ug) 0 (

ud  20u
80(V2 0—7~Tuo_ﬁ% — 5 TV - ’)

rein?@  r 66

_1;428_37{7_12 (ﬁ (rH},)_aa}g')}, (2.19)

or
ug M2

ulud  udul
0 0 22 0% ot O = V2t — _
R{(u Vyug+ p + 0 0} Vaug rzsin20+ proa

(rH¢) (2.20)

1 9 . 2H! 2cotf ., 2 9H)
- 2L by * 5 S eidnind 4
'rasinﬁaﬁ (s1n0u0) \Y H 1‘ 72 Hg S 30 . (221)
19 (wg\ _ _(gepn __Hi
m( )—-(V H¢—“n—a) (2.22)
E(rzsin0u°)+ﬁ (rsinfu) = 0 (2.23)
or S o
0 0
and P (r*sin HY) + P (rsin6H}) = 0. (2.24)

The corresponding boundary conditions at » = co are

whileat r = 1
up=uy=0, u=1, Hy;=0

and H} and H} are continuous with the first approximation of the magnetic field
inside the sphere.

As the motion under consideration is two-dimensional, we introduce stream
functions ¥, and yr, for the velocity and magnetic field respectively. Thus we have

oo L W 4 1 o
" Psinf o6’ U rsinf or’
" r2ginf 96’ ¢~ T rsinf or

Now, following the analysis of Ranger (1971), the solutions for the present problem
are taken as

— rtsin26[4f+ (T2/R) F cosd], (2.25)
¥, = r2sin?0[4g + (T3 /R) G cos 6], (2.26)
Q=z+}RXcos 0 (2.27)

and X =y+3RY cosb, (2.28)
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where Q = m¢/sm0 x =rH}/sin6,and f, F, g, G, , X, y and Y are functions of r
only. The expressions for yr, a,nd ¥, are the zeroth approximations of the perturbation
solution with R as parameter, while the expressions for Q and y consist of both zeroth-
and first-order terms in E.

With the above choice for i, and i, the velocity and magnetic field components
u,, Uy, H, and Hy are given by

u, = fcos@+ (T3/R) F(3 cos?f—1), (2.29)

ug = sinO{v + (T3/R) V cosb], (2.30)

H, = gcos@+(T3/R) G(3cos20—1) (2.31)

and H, = —sin6{g + 4rg’ + (T%/R) cos 6(2G +rG")}, (2.32)

where v = —(f+47f') and V = — (2F +rF’). On introducing (2.27)—(2.31) into (2.19)-
(2.22) and then equating the corresponding terms on both sides, we get the following
sets of simultaneous equations.

First system:

nr ” i 4 ’
I Y A S VR (2.33)
4 2
g +=g +{—2+;3f =0, (2.34)
2 24 2 M2dy
(c_i72+r dr) ( ) At AT 0. (2.35)
d 2d 2y 1d
(372+r dr) (—) +r dr( ) =0 (2:36)
Second system:
8 24 M2 4 8 8 1(d 2\ [x?
v — o __ 2T “= iy II/ Y A LN - = ___- il
AR ) g (G “6'-26 +73G)_rz(dr r) (72), (2.37)
Q4= G'_‘igf m_Fiaﬂ =0, (2.38)
r r
az 2d 6X M*dY 2ofr 2f'z 4fx
(Z?'_z+;¢—i7) ( ) R dr - r e (2.39)
d® 2d\(Y\ 1d (X\ 6Y
(a‘r‘z‘*;a—r) (—) trar (—) —m =0 (2.40)

Before we specify the boundary conditions corresponding to the above two systems,
let us determine the boundary conditions on the magnetic field at » = 1. Demanding
that the magnetic field components inside the sphere and in the flow are continuous

tr =1 t
atr , We ge g(1)=a1, a,=0 for n>1,

gt)y=0, y(1)=0, G=G =Y =0.
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Thus the boundary conditions appropriate for the problem are
f=f=¢'=y=0, z=1 at r=1
f>—1, fl¢’>0, z/r,y/r—>0 as r—>owo
and F=F=G@=Y=X=0 at r=1
F,F,G>0, Y/r,X/r>0 as r—>wo
Now, in view of (2.34) and (2.38), (2.33) and (2.37) can be rewritten as

} for the first system (2.41)

} for the second system. (2.42)

v " " M f” 6f
iy f +3 S r3f e (72_ 74) —0 (2.43)
2
and g dpr _2p F—£ % ) d_2 ) (2.44)
r 73 r2 dr r) \r?

Equations (2.35), (2.36) and (2.43) together with the boundary conditions

f=f=0 x=1, y=0 at r=1, }

2.45
f>-1, f'>0, z/r,y/r>0 as r—->cw ( )

constitute the first system.
The second system comprises (2.39), (2.40) and (2.44) with the boundary conditions

F=F =X=Y=0 at r=1, }

(2.46)
F,F'>0, X/r,Y/r->0 as r—co.

On solving the above boundary-value problems, we get the velocity and the ¢
component of the induced magnetic field. Then the components of the induced
magnetic field in the r and @ directions can be determined from (2.34) and (2.38). In
the absence of rotation (7} = 0), the problem given by the first system reduces to
that investigated by Riley. On the other hand, when the magnetic field is absent,
both systems reduce to those of Ranger.

In what follows, we obtain the numerical solution of the boundary-value problems
by using the Runge-Kutta~Merson method (see Lance 1960, p. 56), which has an
additional formula for the determination of the truncation error. This fa,cﬂlta,tes a
suitable choice of step length.

3. Solution of the problem
Let us introduce the transformation Z = (r—1)/8, where 8§ = 3M. Now (2.43) can
be written as the set of first-order equations

Dy, = y,, D?/z Yz, Dys =y,

Dy, = — 8 _ 8 + + 1 { Ys by }
Ya= "z 1o T ZrsaeY (Z+6—1)3 Y27 g Z 102 \Z+6 02 (Z+00))
where y, = f. Combination of these equations with the two sets of initial conditions
Y1=9:=0, y3=1, y,=0
N$1=%2=Y3=0, yy=1
leads to & solution of the form f=4,fi+4,f,

} at Z=0
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where f, and f, are the two particular solutions corresponding to the two sets of
initial conditions. Use of the boundary conditions f = —1and f' = Ogives 4, and 4,.
Now we convert (2.35) and {2.36) into the first-order equations

Dy, = y,,
Dy, = — Yo+ Y — M oY), 2
2T T Zr ez Tz \ M T 2 ) Tz e
Dys = ya,
- - 2 2 __1__ Ys _ Y1 } 1
Dys=—grsavetgroapt 3M{(Z+6‘-1)2 Z+ 60 T3z 150

where y, = «/r—1 and y, = y/r. These equations together with the three sets of
initial conditions
$1=0, =1, Ys=yg=0

N1=Y2=Y3=0, y,=1 at Z=0
N1=Ye=Ys=Ys=0
yield the solution xfr—1= A,y + 4,y + 4,

y/r = Ay + A yP + 4P,

in which the superscripts (1)-(3) correspond to the three particular solutions. Applying
the boundary conditions z/r, y /r+ 0 as Z — oo determines the constants 4, and 4,.

Following the above procedure, we next solve the second system for ¥, X and Y,
thus obtaining the velocity and magnetic field components.

4, Discussion of the results

To gain deeper insight into the flow, we have computed the numerical solution for
various values of M?% and 7%/E. The functions f, F, v and V related to the velocity
components %, and u, [see (2.29) and (2.30)] are presented in figures 1 and 3. Streamline
patterns exhibiting the effects of the magnetic field (M2) and the rotation (T3/R) are
given in figures 2 and 4-6.

In the absence of rotation, (2.29) and (2.30) reduce to the form

u, = fcosB, wu,=vsinb.

Asf<Oandv>0,u;>0for0 <@ <mwhilew, SO0for0< b <mandimr<O<n
respectively.

From figure 1 we see that f and v decrease as the magnetic field increases. Hence
we find that the flow along and across the magnetic field lines is restricted as the
magnetic field is enhanced. The flow across the magnetic field lines is reduced because
the Lorentz force, which acts in the —¢ direction, opposes the motion. The inward
and outward radial flow which takes place in the first and second quadrants, re-
spectively, is curtailed as the pressure gradient, which changes sign from positive to
negative, is increased by the magnetic field permeating the medium. This reduction
in the radial flow can also be attributed to the fact that the magnetic field lines
(originally in the radial direction) are displaced in the downstream direction.
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Fiaure 1. Effect of magnetic field on (a) f and (b) v (/R = 0).
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Fiagure 2. Streamlines showing the effect of a magnetic field
(T}/R =0, yr = —0-125). , M*=25;——, M?*=0.

From figure 2 we see that the streamlines in the magnetic case (M2 = 25) are
pushed away from the sphere compared with those in Stokes flow (M2 = 0). This is
due to the fact that f (which occurs in the relation ¢ = § fr2 sin? ) is reduced by the
presence of the magnetic field.

Now let us consider the case when the sphere is rotating. Here %, and u, are given by

u, = fcosO+(T%/R) F(3cos?0—1), (4.1)
uy = 8inGfv+ (T2 /R) V cos 0] (4.2)
and ¥ = r2sin? 03 f+ (T3/R) F cos 0]. (4.3)
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FIGURE 4. Streamlines showing the effect of rotation (M = 0, y = —0-125).
, T*/R = 5;——~, T*/R=10; ——, T?/R = 15.

In the absence of the magnetic field (see figures 1 and 3), it is clear that F and V
are very much smaller than f and v. In view of (4.1), we see that as 7'}/ R increases the
inward radial flow (in the first quadrant) increases or decreases according as

cosf s 1/4/3,

i.e. 0 5 54°42’'. On the other hand, the outward radial flow (in the second quadrant)
increases or decreases according as 6 S 144°42’. Further, from (4.2) we find that as
the rotation increases the azimuthal flow increases for 0 < 6 < }7 while it decreases
for }n < 6 < 7. The above behaviour of the velocity components can be understood
by considering the effect of the centrifugal force produced by the rotation. As the
sphere rotates with higher angular velocity, the fluid in the zone 54°42’ < 6 < 144°42’
is driven out by the centrifugal force. In order to compensate for this motion, the
fluid in the other zones is sucked towards the poles of the sphere.

From figure 4 it is interesting to note that, in the front portion of the sphere, the
streamlines are pulled towards the axis of rotation, while they are pushed away in
the rear portion.
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Figure 5. Streamlines showing the effect of rotation in the presence of & magnetic field (M? = 25,
¥ = —0-125). Ti/R=5;——,T¢/R = 10; — —, T?/R = 15.

F1curEe 6. Streamlines and back-flow region (T2/R = 10, iy = —0-125).
y M2 = 0; ———, M2 = 25,

In the light of the above findings, let us examine the simultaneous effects of rotation
and a magnetic field. From figure 3 we see that the profiles of F and V are very much
flattened as the strength of the magnetic field increases. Thus, in view of (4.1) and
(4.2), the effects of rotation are significantly counteracted by the presence of the
magnetic field. As f and v are the dominant quantities in u, and u,, it is to be expected
that the magnetic field plays a vital role in determining the characteristics of the flow.
Nevertheless, from figure 5 it is apparent that the rotation maintains its role of
pulling down the upstream flow and pushing up the downstream flow. However, this
effect is less prevalent as the magnetic field decelerates the flow considerably.

The expression (4.3) for {r suggests that back flow arises for cos 6 = —fR/2T% F,
if T?/R > f/2F. From figure 6, it is worth noting that the reversed flow produced by
rotation is enhanced by the presence of the magnetic field. The mechanism underlying
this phenomenon can be explained as follows. The rotation produces a flow from the
poles to the equatorial plane of the sphere. This flow is restricted by the axial flow,
but when it dominates the axial flow, back flow occurs at the rear portion of the
sphere. In the presence of a magnetic field this back flow is enhanced, and is expected
toset in at a lower value of 7'}/ R, since the magnetic field opposes the axial flow.

Numerical solutions obtained for the particular cases (i) T?/R = 0, M = 0 and (ii)
T3/R % 0, M = 0 are in good agreement with those discussed by Riley and Ranger.
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From the above analysis, we conclude that the flow past a sphere is significantly
affected by rotation of the sphere and a magnetic field permeating the medium.

We are highly grateful to the referee for his valuable comments, which led to
improvement in the presentation of the paper. One of the authors (K. V.R.R.) thanks
the C.S.LR. for providing a fellowship.
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